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In the paper, we generalize some congruences of Lehmer and prove
that for any positive integer n with (n,6) = 1
n/3∑
r=1
(r,n)=1
1
n − 3r ≡
1
2
qn(3) − 1
4
nq2n(3)
(
mod n2
)
,
n/4∑
r=1
(r,n)=1
1
n − 4r ≡
3
4
qn(2) − 3
8
nq2n(2)
(
mod n2
)
and
n/6∑
r=1
(r,n)=1
1
n − 6r ≡
1
3
qn(2) + 1
4
qn(3)
− n
(
1
6
q2n(2) +
1
8
q2n(3)
) (
mod n2
)
,
where qn(a) = (aφ(n) − 1)/n.
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1814 H.-Q. Cao, H. Pan / Journal of Number Theory 129 (2009) 1813–1819Let n be a positive integer and let a be an integer prime to n. Deﬁne the Fermat quotient qn(a) by
qn(a) = a
φ(n) − 1
n
,
where φ(n) denotes Euler’s totient function. As early as 1938, Lehmer [4] (or see [2, Sections 8, 9])
established the following interesting congruence:
(p−1)/2∑
r=1
1
r
≡ −2qp(2) + pq2p(2)
(
mod p2
)
(1)
for any odd prime p. In 2002, Cai [1] extended Lehmer’s result (1) and showed that
(n−1)/2∑
r=1
(r,n)=1
1
r
≡ −2qn(2) + nq2n(2)
(
mod n2
)
(2)
for arbitrary odd integer n > 1. The original proof of Cai’s congruence (2) depends on an identity
involving generalized Bernoulli numbers and character sums, which was proved by Szmidt et al. [5].
However, in the same paper, Lehmer also proved other similar congruences as follows:
p/3∑
r=1
1
p − 3r ≡
1
2
qp(3) − 1
4
pq2p(3)
(
mod p2
)
, (3)
p/4∑
r=1
1
p − 4r ≡
3
4
qp(2) − 3
8
pq2p(2)
(
mod p2
)
(4)
and
p/6∑
r=1
1
p − 6r ≡
1
3
qp(2) + 1
4
qp(3) − p
(
1
6
q2p(2) +
1
8
q2p(3)
) (
mod p2
)
(5)
for each p  5, where x denotes the greatest integer not exceeding x. In this note, we shall gener-
alize Lehmer’s congruences (3), (4) and (5) for arbitrary positive integer n with (n,6) = 1. Different
from Cai’s method, our approach is elementary.
Theorem 1. Let n > 1 be an integer with (n,6) = 1. Then
n/3∑
r=1
(r,n)=1
1
n − 3r ≡
1
2
qn(3) − 1
4
nq2n(3)
(
mod n2
)
, (6)
n/4∑
r=1
(r,n)=1
1
n − 4r ≡
3
4
qn(2) − 3
8
nq2n(2)
(
mod n2
)
(7)
and
n/6∑
r=1
(r,n)=1
1
n − 6r ≡
1
3
qn(2) + 1
4
qn(3) − n
(
1
6
q2n(2) +
1
8
q2n(3)
) (
mod n2
)
. (8)
H.-Q. Cao, H. Pan / Journal of Number Theory 129 (2009) 1813–1819 1815Remark. (6) fails when n = 4,8,14,16,22,28,32,38,44,46, . . . , and (7) fails when n = 9,15,27,33,
45,51,69,75,81,87, . . . .
To prove Theorem 1 we need some lemmas. The Bernoulli numbers Bn (n ∈ N) are deﬁned by
∞∑
n=0
Bn
tn
n! =
t
et − 1 .
Deﬁne the Bernoulli polynomials Bn(x) (n ∈ N) by
Bn(x) =
n∑
k=0
(
n
k
)
Bn−kxk.
It is well known that
n−1∑
r=0
(x+ r)m = Bm+1(x+ n) − Bm+1(x)
m + 1 . (9)
Lemma 2. Let p  5 be a prime and α be a positive integer. Then
pBφ(p2α) ≡ p − 1
(
mod p2α
)
.
Proof. From Euler’s totient theorem, it follows that
p − 1 ≡
p−1∑
i=1
iφ(p
2α) = 1
φ(p2α) + 1
(
Bφ(p2α)+1(p) − Bφ(p2α)+1
)
= pBφ(p2α) +
φ(p2α)+1∑
j=2
(
φ(p2α) − 1
j − 2
)
φ(p2α)p j Bφ(p2α)+1− j
j( j − 1)
≡ pBφ(p2α)
(
mod p2α
)
,
where we apply the von Staudt–Clausen theorem [6, Theorem 5.10] in the last congruence. 
Lemma 3. Let p  5 be a prime and n be a multiple of p. Assume that n = pαq where p  q. Then
n/3∑
r=1
pr
1
n − 3r ≡
1
2
qp2α (3)
(
mod p2α
)
,
n/4∑
r=1
pr
1
n − 4r ≡
3
4
qp2α (2)
(
mod p2α
)
and
n/6∑
r=1
pr
1
n − 6r ≡
1
3
qp2α (2) +
1
4
qp2α (3)
(
mod p2α
)
.
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φ(p2α) − 1 2α, we have
n/d∑
r=1
pr
1
n − dr ≡
n/d∑
r=1
(n − dr)φ(p2α)−1 = dφ(p2α)−1
n/d∑
r=1
(n/d − r)φ(p2α)−1
= d
φ(p2α)−1
φ(p2α)
(
Bφ(p2α)(n/d) − Bφ(p2α)(s/d)
)
= d
φ(p2α)−1
φ(p2α)
(
φ(p2α)∑
i=0
(
φ(p2α)
i
)
(n/d)i Bφ(p2α)−i − Bφ(p2α)(s/d)
)
≡ d
φ(p2α)−1
φ(p2α)
(
Bφ(p2α) − Bφ(p2α)(s/d)
) (
mod p2α
)
.
Since (n,6) = 1, we have n ≡ ±1 (mod d), i.e., s = 1 or d − 1. We know (cf. [4]) that for even integer
m > 0
Bm(1/3) = Bm(2/3) = 1− 3
m−1
2 · 3m−1 Bm,
Bm(1/4) = Bm(3/4) = 1− 2
m−1
22m−1
Bm
and
Bm(1/6) = Bm(5/6) = (1− 2
m−1)(1− 3m−1)
2m · 3m−1 Bm.
So applying Lemma 2, we obtain that
n/3∑
r=1
pr
1
n − 3r ≡
3φ(p
2α)−1
φ(p2α)
· 3
φ(p2α) − 1
2 · 3φ(p2α)−1 Bφ(p2α)
≡ 3
φ(p2α) − 1
2p2α
= 1
2
qp2α (3)
(
mod p2α
)
,
n/4∑
r=1
pr
1
n − 4r ≡
4φ(p
2α)−1
φ(p2α)
· 2
2φ(p2α) + 2φ(p2α) − 2
4φ(p2α)
Bφ(p2α)
≡ (2
φ(p2α) − 1)(2φ(p2α) + 2)
4p2α
≡ 3
4
qp2α (2)
(
mod p2α
)
,
and
n/6∑
r=1
pr
1
n − 6r ≡
6φ(p
2α)−1
φ(p2α)
· 6
φ(p2α)−1 + 2φ(p2α)−1 + 3φ(p2α)−1 − 1
2 · 6φ(p2α)−1 Bφ(p2α)
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12p2α
(
6φ(p
2α) + 3 · 2φ(p2α) + 2 · 3φ(p2α) − 6)
= 1
12p2α
(
4
(
2φ(p
2α) − 1)+ 3(3φ(p2α) − 1)+ (2φ(p2α) − 1)(3φ(p2α) − 1))
≡ 1
3
qp2α (2) +
1
4
qp2α (3)
(
mod p2α
)
. 
Lemma 4. Let n > 1 and a be integers with (n,6a) = 1. Then
qn2 (a) ≡ qn(a) −
1
2
nq2n(a)
(
mod n2
)
.
Proof. Since φ(n2) = nφ(n), we have
aφ(n
2) − 1 = ((aφ(n) − 1)+ 1)n − 1 ≡ n(aφ(n) − 1)+(n
2
)(
aφ(n) − 1)2
≡ n2qn(a) − 1
2
n3q2n(a)
(
mod n4
)
,
whence
qn2 (a) ≡ qn(a) −
1
2
nq2n(a)
(
mod n2
)
. 
Lemma 5. Let n > 1 and a be integers with (a,n) = 1. Suppose that n = pαq where p is a prime, α > 0 and
p  q. Then
2qn(a) − nq2n(a) ≡
φ(q)
q
(
2qpα (a) − pαq2pα (a)
) (
mod p2α
)
.
Proof. Compute
2qn(a) − nq2n(a) =
2
n
(
aφ(n) − 1)− 1
n
(
aφ(n) − 1)2
= 2
n
((
aφ(p
α) − 1+ 1)φ(q) − 1)− 1
n
((
aφ(p
α) − 1+ 1)φ(q) − 1)2
≡ 2
n
(
φ(q)
(
aφ(p
α) − 1)+(φ(q)
2
)(
aφ(p
α) − 1)2)− 1
n
φ(q)2
(
aφ(p
α) − 1)2
= 2φ(q)
n
(
aφ(p
α) − 1)− φ(q)
n
(
aφ(p
α) − 1)2
= φ(q)
q
(
2qpα (a) − pαq2pα (a)
) (
mod p2α
)
. 
Proof of Theorem 1. Let p be an arbitrary prime factor of n, and assume that n = pαq where p  q.
Let μ(m) denote the Möbius function. Recall (cf. [3, Proposition 2.2.3]) that
∑
s|m
μ(s) =
{
1 if m = 1,
0 if m > 1.
Therefore
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r=1
(r,n)=1
1
n − dr =
n/d∑
r=1
pr, (r,q)=1
1
n − dr =
n/d∑
r=1
pr
1
n − dr
∑
s|(r,q)
μ(s)
=
∑
s|q
μ(s)
n/d∑
r=1
pr, s|r
1
n − dr =
∑
s|q
μ(s)
s
n/(sd)∑
t=1
pt
1
n/s − dt .
Observe that
∑
s|q
μ(s)
s
= φ(q)
q
.
Thus by Lemmas 3, 4 and 5, we have
n/3∑
r=1
(r,n)=1
1
n − 3r ≡
∑
s|q
μ(s)
s
(
1
2
qp2α (3)
)
≡ φ(q)
4q
(
2qpα (3) − pαq2pα (3)
)≡ 1
4
(
2qn(3) − nq2n(3)
) (
mod p2α
)
.
Similarly,
n/4∑
r=1
(r,n)=1
1
n − 4r ≡
∑
s|q
μ(s)
s
(
3
4
qp2α (2)
)
≡ 3φ(q)
8q
(
2qpα (2) − pαq2pα (2)
)≡ 3
8
(
2qn(2) − nq2n(2)
) (
mod p2α
)
.
Finally,
n/6∑
r=1
(r,n)=1
1
n − 6r ≡
∑
s|q
μ(s)
s
(
1
3
qp2α (2) +
1
4
qp2α (3)
)
≡ φ(q)
6q
(
2qpα (2) − pαq2pα (2)
)+ φ(q)
8q
(
2qpα (3) − pαq2pα (3)
)
≡ 1
6
(
2qn(2) − nq2n(2)
)+ 1
8
(
2qn(3) − nq2n(3)
) (
mod p2α
)
.
Since p is an arbitrary prime factor of n, we immediately deduce (6), (7) and (8) from the Chinese
remainder theorem. 
Acknowledgments
We are grateful to the anonymous referee for his/her useful comments on this paper. We also
thank our adviser, Professor Zhi-Wei Sun, for his helpful suggestions.
H.-Q. Cao, H. Pan / Journal of Number Theory 129 (2009) 1813–1819 1819References
[1] T.-X. Cai, A congruence involving the quotients of Euler and its applications (I), Acta Arith. 103 (2002) 313–320.
[2] A. Granville, Arithmetic properties of binomial coeﬃcients I: Binomial coeﬃcients modulo prime powers, in: Organic Math-
ematics, Burnady, BC, 1995, in: CMS Conf. Proc., vol. 20, Amer. Math. Soc., Providence, RI, 1997, pp. 253–276.
[3] K. Ireland, M. Rosen, A Classical Introduction to Modern Number Theory, 2nd ed., Grad. Texts in Math., vol. 84, Springer-
Verlag, New York, 1990.
[4] E. Lehmer, On congruences involving Bernoulli numbers and the quotients of Fermat and Wilson, Ann. of Math. (2) 39
(1938) 350–360.
[5] J. Szmidt, J. Urbanowicz, D. Zagier, Congruences among generalized Bernoulli numbers, Acta Arith. 71 (1995) 273–278.
[6] L.C. Washington, Introduction to Cyclotomic Fields, 2nd ed., Grad. Texts in Math., vol. 83, Springer-Verlag, New York, 1997.
